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bstract
In the present paper, we construct the analytical solutions of some nonlinear equations involving Jumarie’s modified Riemann-
iouville derivative in mathematical physics; namely the space–time fractional Calogero-Degasperis (CD) equation and the
pace–time fractional potential Kadomtsev-Petviashvili (PKP) equation by using a simple method which is called the fractional
ub-equation method. As a result, three types of exact analytical solutions are obtained. This method is more powerful and will be
sed in further works to establish more entirely new solutions for other kind of nonlinear fractional PDEs arising in mathematical
hysics.
 2015 Taibah University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
This paper is devoted to the study of nonlinear
quation which is called the Calogero-Degasperis (CD)
quation and potential Kadomtsev-Petviashvili (pKP)
quation which are of the form
xt −  4uxuxx −  2uyuxx +  uxxxy =  0.  (1.1)Please cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-Pe
http://dx.doi.org/10.1016/j.jtusci.2014.11.010
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E-mail address: syedtauseefs@hotmail.com (S.T. Mohyud-Din).
eer review under responsibility of Taibah University.
ttp://dx.doi.org/10.1016/j.jtusci.2014.11.010
658-3655 © 2015 Taibah University. Production and hosting by Elsevier B.V
http://creativecommons.org/licenses/by-nc-nd/4.0/).and
uxt + 32uxuxx +
1
4
uxxxx + 34uyy =  0,  (1.2)
arises in number of scientific models including fluid
mechanics, astrophysics, solid state physics, plasma
physics, chemical kinematics, chemical chemistry, opti-
cal fiber and geochemistry, see Refs. [1–14] and the
references therein.
The fractional order forms of the Calogero-
Degasperis (CD) equation and Potential Kadomtsev-
Petviashvili (pKP) are similarly useful. The most
important advantage of using fractional order differen-t al. Fractional sub-equation method to space–time
tviashvili equations, J. Taibah Univ. Sci. (2015),
. This is an open access article under the CC BY-NC-ND license
tial equation in mathematical modeling is their non-local
property. It is a well-known fact that the integer order
differential operator is a local operator whereas the frac-
tional order differential operator is non-local in the sense
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that the next state of the system depends not only upon its
current state but also upon all of its proceeding states. In
the last decade, many authors have made notable con-
tribution to both theory and application of fractional
differential equations in areas as diverse as finance,
physics, control theory and hydrology [1–29].
Recently, Zhang et al. [16] introduced a new
method called fractional sub-equation method to look
for traveling wave solutions of nonlinear FDEs. The
method is based on the homogeneous balance principle
and Jumarie’s modified Riemann-Liouville derivative
[10,11]. By using fractional sub-equation method, Zhang
et al. successfully obtained traveling wave solutions of
nonlinear time fractional biological population model
and (4 + 1)-dimensional space–time fractional Fokas
equation. More recently, Guo et al. [20] improved Zhang
et al.’s work [28] and obtained exact solutions of some
nonlinear FDEs. Similar applications of the method can
be found in [16–21].
In this paper, we will apply the fractional sub-equation
method for solving fractional PDEs in the sense of
modified Riemann–Liouville derivative by Jumarie. To
illustrate the validity and advantages of the method,
we will apply it to the space–time fractional Calogero-
Degasperis (CD) equation and the space–time fractional
potential Kadomtsev-Petviashvili (PKP) equation. The
rest of this paper is organized as follows. In Section 2, we
will describe the Modified Riemann-Liouville derivative
and give the main steps of the method here. In Section
3, we give two applications of the proposed method to
nonlinear equations. In Section 4, conclusions are given.
2.  Description  of  modiﬁed  Riemann-Liouville
derivative and  the  proposed  method
The Jumarie’s modified Riemann-Liouville deriva-
tive of order α  is defined by the expression
Dαxf (x) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
1
Γ  (1 −  α)
x∫
0
(x  −  ξ)−α−1(f  (ξ) −  f  (0))dξ,  
1
Γ  (1 −  α)
d
dx
x∫
0
(x  −  ξ)−α(f  (ξ) −  f  (0))dξ,
[fα−n(x)]nPlease cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-P
http://dx.doi.org/10.1016/j.jtusci.2014.11.010
Some properties for the proposed modified Riemann-
Liouville derivatives are listed in [11] as follows:
Dαxx
γ = Γ  (γ  +  1)
Γ  (γ  +  1 −  α)x
γ−α,  γ  >  0,  (2.2) PRESS
versity for Science xxx (2015) xxx–xxx
 0,
 α  <  1,
 α <  n  + 1,  n  ≥  1.
(2.1)
Dαx (f  (x)g(x)) =  g(x)Dαxf  (x) +  f  (x)Dαxg(x),  (2.3)
Dαxf [g(x)] =  f ′g[g(x)]Dαxg(x) =  Dαxf  [g(x)](g′(x))α,
(2.4)
The above equations play an important role in frac-
tional calculus in the following sections. We present the
main steps of the fractional sub-equation method as fol-
lows.
Step 1:  Suppose that a nonlinear FDEs, say in two
independent variables x and t, is given by
P(u,  ux,  ut,  Dαxu,  Dαt u,  .  .  .) =  0,  0 < α  ≤  1,  (2.5)
where Dαxu  and Dαt u  are Jumarie’s modified Riemann-
Liouville derivatives of u,
u = u(x, y, t) is an unknown function, P  is a polyno-
mial in u  and its various partial derivatives, in which
the highest order derivatives and nonlinear terms are
involved.
Step 2:  By using the traveling wave transformation:
u(x,  y,  t) =  u(ξ),  ξ =  kx  +  ly  + ct, (2.6)
where k  and c  are constant to be determine later, the FDE
(2.5) is reduced to the following nonlinear fractional
ordinary differential equation (ODE) for u  = u(ξ):
P(u,  ku′,  cu′, kαDαξ u,  cαDαξ u,  . .  .) =  0.  (2.7)
Step  3:  We suppose that Eq. (2.7) has the following
solution:
u(ξ) =
n∑
i=0
aiφ
i, (2.8)
where ai(i  = 0, 1, 2, .  . .  , n) are constant to be determine
later, n  is a positive integer determine by balancing the
higher order derivatives and nonlinear terms in Eq. (2.5)t al. Fractional sub-equation method to space–time
etviashvili equations, J. Taibah Univ. Sci. (2015),
or Eq. (2.7), and φ  = φ(ξ) satisfies the following Riccati
equation:
Dαξ φ  =  σ  +  φ2,  (2.9)
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obtain a set of algebraic equation for k, c, a0, a1 as
follows:
φ1 : 2kαa1cασ  −  8k3αa21σ2 −  4k2αa21σ2lα +  16a1k3ασ2lα =  0,
φ3 : 2kαcαa1 −  16k3αa21σ  −  8σk2αa21lα +  40σk3αa1lα =  0, (3.4)ARTICLETUSCI-126; No. of Pages 6
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here σ  is a constant. By using the generalized Exp-
unction method via Mittag-Leffler functions, Zhang
t al. first obtained the following solutions of fractional
iccati equation (2.9)
(ξ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−√−σ  tanhα(
√−σξ),  σ  <  0,
−√−σ  cothα(
√−σξ),  σ  <  0,
√
σ  tanα(
√
σξ),  σ  >  0,
−√σ  cotα(
√
σξ),  σ  >  0,
−Γ (1 +  α)
ξα +  ω ,  ω  =  const.,  σ  =  0,
(2.10)
here the generalized hyperbolic and trigonometric
unctions are defined as
inhα(x) = Eα(x
α) −  Eα(−xα)
2
,  coshα(x)
= Eα(x
α) +  Eα(−xα)
2
,  tanhα(x)
= sinhα(x)
coshα(x)
,  cothα(x) = coshα(x)
sinhα(x)
,  sinα(x)
= Eα(ix
α) −  Eα(−ixα)
2i
,  cosα(x)
= Eα(ix
α) +  Eα(−ixα)
2
,  tanα(x)
= sinα(x)
cosα(x)
,  cotα(x) = cosα(x)
sinα(x)
,
here Eα(z) denotes the Mittag-Leffler function, given
s
α(z) =
∞∑
k=0
zk
Γ  (1 +  kα) .
Step  4:  Substituting Eq. (2.8) along with Eq. (2.9)
nto Eq. (2.7) and using the properties of Jumarie’s mod-
fied Riemann-Liouville derivative (2.2)–(2.4), we can
et a polynomial in φ(ξ). Setting all the coefficients of
m(m  = 0, 1, 2, . . .) to zero, yield a set of over determined
onlinear algebraic equations for ai (i =  0,  1,  2,  .  . ., n) ,
 and c.
Step 5:  Assuming that the constants
i (i  =  0,  1, 2,  . .  ., n) ,  k  and c can be obtained by
olving the algebraic equation in Step 4, substituting
hese constants and the solutions of Eq. (2.9) into Eq.
2.8), we can obtain the explicit solutions of Eq. (2.5)
mmediately.Please cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-Pe
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Remarks:  If α  →  1, the Riccati equation becomes
′(ξ) = σ  + φ2(ξ) used. So the method in this example
an be used to solve integer-order differential equations.
n this sense, we would like to conclude that our method PRESS
versity for Science xxx (2015) xxx–xxx 3
includes the existing tanh-function method as special
case.
3.  Application  of  the  method
In this section, we apply the fractional sub-equation
method to construct the exact solution for some nonlin-
ear fractional PDEs, namely the space–time fractional
Calogero-Degasperis (CD) and the space–time fractional
potential Kadomtsev-Petviashvili (pKP) equation which
are very important nonlinear fractional PDEs in mathe-
matical physics [22–24].
3.1.  Example  1  – the  space–time  fractional
Calogero-Degasperis  (CD)  equation
We first consider the space–time fractional Calogero-
Degasperis (CD) equation [22] in the form:
Dαt D
α
xu  −  4DαxuD2αx u  −  2DαyuD2αx u +  DαyD3αx u  =  0,
(3.1)
By considering the traveling wave transformation
(2.6), (3.1) can be reduced to the following nonlinear
fractional ODE:
cαkαD2αξ u  −  4k3αDαξ uD2αξ u  −  2k2αlαDαξ uD2αξ u
+ lαk3αD4αξ u  =  0,  (3.2)
By balancing the highest order derivative terms and
nonlinear terms in (3.2), we suppose that Eq. (3.2) has
the following formal solution:
u(ξ) =  a0 +  a1φ(ξ),  (3.3)
where φ(ξ) satisfies Eq. (2.9).
Substituting (3.3) along with (2.9) into (3.2) and then
setting the coefficient of φi(i  = 1, 3, 5) to zero, we cant al. Fractional sub-equation method to space–time
tviashvili equations, J. Taibah Univ. Sci. (2015),
φ5 : −8k3αa21 −  4lαk2αa21 +  24lαk3αa1 =  0.
Solving the algebraic equations (3.4) by Maple or
Mathematica, we have:
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a0 =  a0,  a1 = 6l
αk3α
2k3α +  lαk2α , σ  =
1
4
cα
lαk2α
.  (3.5)
We, therefore obtain from equation (2.10), (3.3) and
(3.5) three type of exact solution of Eq. (3.1), namely,
two generalized hyperbolic function solution, two gener-
alized trigonometric function solutions and one rational
solution as follows:
u  =  a0 − 6l
αk3α
2k3α +  lαk2α
√
−1
4
cα
lαk2α
tanhα
×
[√(
−1
4
cα
lαk2α
)
(kx  +  ly  +  ct)
]
,
1
4
cα
lαk2α
<  0,  (3.6)
u =  a0 − 6l
αk3α
2k3α +  lαk2α
√
−1
4
cα
lαk2α
cothα
×
[√(
−1
4
cα
lαk2α
)
(kx  +  ly  +  ct)
]
,
1
4
cα
lαk2α
<  0,  (3.7)
u =  a0 + 6l
αk3α
2k3α +  lαk2α
√
1
4
cα
lαk2α
tanα
×
[√(
1
4
cα
lαk2α
)
(kx  +  ly  +  ct)
]
,
1
4
cα
lαk2α
>  0,  (3.8)
u =  a0 − 6l
αk3α
2k3α +  lαk2α
√
1
4
cα
lαk2α
cotα
×
[√(
1
4
cα
lαk2α
)
(kx  +  ly  +  ct)
]
,
1
4
cα
lαk2α
>  0,  (3.9)
u =  a0 − 6l
αk3α
2k3α +  lαk2α
Γ  (1 +  α)
(kx  +  ly  +  ct)α +  ω,Please cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-P
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1
4
cα
lαk2α
=  0,  ω  =  const.  (3.10) PRESS
versity for Science xxx (2015) xxx–xxx
As α →  1 these obtained exact solutions give the ones
of the standard from equation of the space–time frac-
tional Calogero-Degasperis (CD) Eq. (3.1).
3.2.  Example  2 –  the  space–time  potential
Kadomtsev-Petviashvili  (pKP)
Now we consider the space–time fractional Poten-
tial Kadomtsev-Petviashvili (pKP) equation [3,4] in the
form:
Dαt D
α
xu  +
3
2
DαxuD
2α
x u  +
1
4
D4αx u  +
3
4
D2αy u  =  0,
(3.11)
By considering the traveling wave transformation
(2.6), Eq. (3.11) can be reduced to the following non-
linear fractional ODE:
kαcαD2αξ u +
3
2
k3αDαξ uD
2α
ξ u  +
1
4
k4αD4αξ u
+ 3
4
l2αD2αξ u  =  0, (3.12)
By balancing the highest order derivative terms and
nonlinear terms in Eq. (3.12), we suppose that (3.12) has
the following formal solution:
u(ξ) =  a0 +  a1φ(ξ),  (3.13)
where φ(ξ) satisfies (2.9).
Substituting (3.13) along with (2.9) into (3.12)
and then setting the coefficient of φi(i  = 0, 1, 2, 3,
4 .  . .  check  . . .) to zero, we can obtain a set of algebraic
equation for k, c, a0, a1 as follows:
φ1 : 2cασkαa1 +  3k3ασ2a21 +  4k4αa1σ2 +
3
2
l2αa1σ  =  0,
φ3 : 2cαkαa1 +  6k3ασa21 +  10k4αa1σ  +
3
2
l2αa1 =  0,
φ5 : 3k3αa21 +  6k4αa1 =  0.
(3.14)
Solving the algebraic equations (3.14) by Maple or
Mathematica, we have:
a0 =  a0,  a1 =  −2k
4α
k3α
,  σ  = 1
4
4kαcα +  3l2α
k4α
.
(3.15)t al. Fractional sub-equation method to space–time
etviashvili equations, J. Taibah Univ. Sci. (2015),
We, therefore obtain from Eqs. (2.10), (3.13) and
(3.15) three type of exact solution of Eq. (3.11), namely,
two generalized hyperbolic function solution, two gener-
alized trigonometric function solutions and one rational
 IN+ModelJ
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olution as follows:
 =  a0 + 2k
4α
k3α
√
−1
4
4kαcα +  3l2α
k4α
tanhα
×
⎡
⎣
√
−1
4
4kαcα +  3l2α
k4α
(kx  +  ly +  ct)
⎤
⎦ ,
1
4
4kαcα +  3l2α
k4α
<  0,  (3.16)
 =  a0 + 2k
4α
k3α
√
−1
4
4kαcα +  3l2α
k4α
cothα
×
⎡
⎣
√
−1
4
4kαcα +  3l2α
k4α
(kx  +  ly +  ct)
⎤
⎦ ,
1
4
4kαcα +  3l2α
k4α
<  0,  (3.17)
 =  a0 − 2k
4α
k3α
√
−1
4
4kαcα +  3l2α
k4α
tanα
×
⎡
⎣
√
1
4
4kαcα +  3l2α
k4α
(kx  +  ly  +  ct)
⎤
⎦ ,
1
4
4kαcα +  3l2α
k4α
>  0,  (3.18)
 =  a0 + 2k
4α
k3α
√
−1
4
4kαcα +  3l2α
k4α
cotα
×
⎡
⎣
√
−1
4
4kαcα +  3l2α
k4α
(kx  +  ly  +  ct)
⎤
⎦ ,
1
4
4kαcα +  3l2α
k4α
>  0,  (3.19)
 =  a0 + 2k
4α
k3α
Γ  (1 +  α)
(kx  +  ly  +  ct)α +  ω,
1
4
4kαcα +  3l2α
k4α
=  0,  ω =  const.  (3.20)Please cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-Pe
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As α  →  1, these obtained exact solutions give the ones
f the standard from equation of the space–time frac-
ional Potential Kadomtsev-Petviashvili (PKP) (3.11).
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4.  Conclusion
In this paper, we use the Fractional Sub Equa-
tion Method to obtain the analytical solution of the
space–time fractional Calogero-Degasperis (CD) equa-
tion and space–time fractional Potential Kadomtsev-
Petviashvili (pKP), we have seen that three types of
exact analytical solutions including the generalized
hyperbolic function solutions, generalized trigonometric
function solutions and rational solutions are successfully
obtained. From the obtained results, we conclude that the
Fractional Sub Equation Method is very powerful, effec-
tive and convenient for solving nonlinear fraction partial
differential equations.
References
[1] M.A. Abdou, A.A. Soliman, Variational iteration method for solv-
ing Burger’s and coupled Burger’s equations, J. Comput. Appl.
Math. 181 (2005) 245–251.
[2] M.A. Abdou, A.A. Soliman, New applications of variational iter-
ation method, Phys. D 211 (1–2) (2005) 1–8.
[3] A. Ghorbani, J.S. Nadjfi, He’s homotopy perturbation method for
calculating Adomian’s polynomials, Int. J. Nonlinear Sci. Num.
Simul. 8 (2) (2007) 229–232.
[4] S.T. Mohyud-Din, M.A. Noor, K.I. Noor, Some relatively new
techniques for nonlinear problems, Math. Prob. Eng. (2009),
http://dx.doi.org/10.1155/2009/234849, Article ID: 234849, 25
pages.
[5] S.T. Mohyud-Din, M.A. Noor, Travelling wave solutions of
seventh-order Generalized KdV equations using He’s polyno-
mials, Int. J. Nonlinear Sci. Num. Sim. 10 (1) (2009) 227–233.
[6] S.T. Mohyud-Din, M.A. Noor, Homotopy perturbation method
for solving fourth-order boundary value problems, Math. Prob.
Eng. (2007) 1–15, http://dx.doi.org/10.1155/2007/98602, Article
ID: 98602.
[7] T. Nawaz, A. Yildirim, S.T. Mohyud-Din, Analytic solutions
of Zakharov-Kuznetsov equations, Adv. Power Tech. 24 (2013)
252–256.
[8] A. Kamran, E. Azhar, A.A. Khan, S.T. Mohyud-din, Adomian’s
decomposition method for generalized fifth order time-fractional
Korteweg-de Vries equations, J. Frac. Cal. Appl. 5 (2) (2014)
176–186.
[9] Z.S. Lü, H.Q. Zhang, On a new modified extended tanh-function
method, Commun. Theor. Phys. 39 (2003) 405–408.
10] G. Jumarie, Modified Riemann-Liouville derivative and fractional
Taylor series of non-differentiable functions further results, Com-
put. Math. Appl. 51 (2006) 1367–1376.
11] G. Jumarie, Fractional partial differential equations and modified
Riemann-Liouville derivative new methods for solution, J. Appl.
Math. Comput. 24 (2007) 31–38.
12] H. Jafari, H. Tajadodi, He’s variational iteration method for solv-
ing fractional Riccati differential equation, Int. J. Differ. Equ.t al. Fractional sub-equation method to space–time
tviashvili equations, J. Taibah Univ. Sci. (2015),
(2010), Article ID: 764738.
13] H. Jafari, Solving a system of nonlinear fractional differential
equations using Adomain decomposition, J. Comp. Appl. Math.
196 (2006) 644–651.
 IN+Model
bah Uni
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
Life Sci. J. 11 (3) (2014) 224–227.
[29] A.H. Bhrawy, M.A. Abdelkawy, A. Biswas, Topological solitonsARTICLEJTUSCI-126; No. of Pages 6
6 S.T. Mohyud-Din et al. / Journal of Tai
14] A. Biswas, A. Ranasinghe, Topological 1-soliton solution of the
Kadomtsev-Petviashvili equation with power law nonlinearity,
Appl. Math. Comp. 217 (4) (2010) 1771–1773.
15] Y.B. Zhou, M.L. Wang, Y.M. Wang, Periodic wave solutions to a
coupled KdV equations with variable coefficients, Phys. Lett. A
308 (2003) 31–36.
16] S. Zhang, Q.A. Zong, D. Liu, Q. Gao, A generalized Exp-function
method for fractional Riccati differential equations, Commun.
Fract. Calc. 1 (2010) 48–51.
17] S. Zhang, H.Q. Zhang, Fractional sub-equation method and its
applications to nonlinear fractional PDEs, Phys. Lett. A 375
(2011) 1069–1073.
18] J.F. Alzaidy, Fractional sub-equation method and its applications
to the space–time fractional differential equations in mathematical
physics, Br. J. Math. Comp. Sci. 3 (2) (2013) 153–163.
19] B. Zheng, C. Wen, Exact solutions for fractional partial differ-
ential equations by a new fractional sub-equation method, Adv.
Diff. Equ. 1 (2013) 199–206.
20] S. Guo, L. Mei, Y. Li, Y. Sun, The improved fractional sub-
equation method and its applications to the space-time fractional
differential equations in fluid mechanics, Phys. Lett. A 376 (2012)
407–411.
21] H. Jafari, H. Tajadodi, D. Baleanu, A.A. Al-Zahrani, Y.A.Please cite this article in press as: S.T. Mohyud-Din, e
fractional Calogero-Degasperis and potential Kadomtsev-P
http://dx.doi.org/10.1016/j.jtusci.2014.11.010
Alhamed, A.H. Zahid, Fractional sub-equation method for the
fractional generalized reaction Duffing model and nonlinear frac-
tional Sharma-Tasso-Olver equation, Cent. Eur. J. Phys. 11 (10)
(2013) 1482–1490. PRESS
versity for Science xxx (2015) xxx–xxx
22] A.J.M. Jawad, M.D. Petkovic´, A. Biswas, Soliton solutions
for nonlinear Calaogero-Degasperis and potential Kadomtsev-
Petviashvili equations, Comp. Math. Appl. 62 (2011) 2621–2628.
23] M. Najafi, A. Jamshidi, Multiple soliton solutions of (2+1)-
dimensional potential Kadomtsev-Petviashvili equation, World
Acad. Sci. Eng. Technol. 5 (2011) 12–28.
24] M.A. Abdou, Multi kink solutions and multiple singular kink
solutions for (2+1)-dimensional integrable breaking soliton equa-
tions by Hirota’s method, J. Nonlinear Sci. 2 (1) (2011) 1–4.
25] M. Eslami, B. Fathi Vajargah, M. Mirzazadeh, A. Biswas, Appli-
cation of first integral method to fractional partial differential
equations, Indian J. Phys. 88 (2) (2014) 177–184.
26] A. Biswas, A.H. Bhrawy, M.A. Abdelkawy, A.A. Alshaery,
E.M. Hilal, Symbolic computation of some nonlinear frac-
tional differential equations, Rom. J. Phys. 59 (5–6) (2014)
433–442.
27] M. Mirzazadeh, M. Eslami, B. Fathi Vajargah, A. Biswas, Solitons
and periodic solutions to a couple of fractional nonlinear evolution
equations, Pramana 82 (3) (2014) 465–476.
28] M. Mirzazadeh, M. Eslami, B.S. Ahmed, A. Biswas, Dynamics
of population growth model with fractional temporal evolution,t al. Fractional sub-equation method to space–time
etviashvili equations, J. Taibah Univ. Sci. (2015),
and cnoidal waves to a few nonlinear wave equations in theoretical
physics, Indian J. Phys. 87 (11) (2013) 1125–1131.
